Let G be a group and X a subset of G. Then C(G, X) is a graph with vertex set X in which two distinct elements x, y ∈ X are joined by an edge if xy = yx. In this paper, we study the clique number, the domination number, the diameter, the planarity, the perfection and regularity of C(G, X) where G = GL(n, q) and X is the set of transvections.
Introduction and preliminaries
We consider simple graphs which are undirected, with no loops or multiple edges. For any graph Γ, we denote the sets of the vertices and edges of Γ by V (Γ) and E(Γ), respectively. A graph Γ is regular if all the vertices of Γ have the same degree. A subset X of V (Γ) is called a clique if the induced subgraph on X is a complete graph. The maximum size of a clique in a graph Γ is called the clique number of Γ and is denoted by ω(Γ). A subset X of V (Γ) is called an independent set if the induced subgraph on X has no edges. The maximum size of an independent set in a graph Γ is called the independence number of Γ and is denoted by α(Γ). A k-vertex colouring of a graph Γ is an assignment of k colours to the vertices of Γ such that no two adjacent vertices have the same colour. The vertex chromatic number χ(Γ) of a graph Γ, is the minimum k for which Γ has a k-vertex colouring. For a graph Γ and a subset S of the vertex set V (Γ), denote by N Γ [S] the set of vertices in Γ which are in S or adjacent to a vertex in S. If N Γ [S] = V (Γ), then S is said to be a dominating set of vertices in Γ. The domination number of a graph Γ, denoted by γ(Γ), is the minimum size of a dominating set of vertices in Γ. The length of the shortest cycle in a graph Γ is called the girth of Γ and denoted by girth(Γ). If v and w are vertices in Γ, then d(v, w) denotes the length of the shortest path between v and w. The largest distance between all pairs of the vertices of Γ is called the diameter of Γ, and is denoted by diam(Γ). A graph Γ is connected if there is a path between each pair of vertices of Γ. A planar graph is a graph that can be embedded in the plane so that no two edges intersect geometrically except at a vertex to which both are incident. A graph Γ is called perfect if for every induced subgraph H of Γ, ω(H) = χ(H), and Γ is Berge if no induced subgraph of Γ is an odd cycle of length at least five or the complement of one. The following theorems and definitions will be used repeatedly. Choosing an ordered basis of V gives an isomorphism GL(V ) −→ GL(n, F ), where GL(n, F ) is the group of all invertible n × n matrices over F . If F is finite, with q elements, this group is denoted by GL(n, q). Also
The determinant function det : GL(n, F ) −→ F ⋆ is a homomorphism which maps the identity matrix to 1, and it is multiplicative, as desired. The special linear group, SL(n, F ), is the kernel of this homomorphism. The center of GL(V ) is Z(GL(V )) = {λI : λ ∈ F ⋆ } and the center of SL(n, F ) is Z(SL(n, F )) = {λI : λ ∈ F ⋆ , λ n = 1}. Define the projective general linear group and the projective special linear group on V to be
. 
Main result
The purpose of this note is to study certain properties of the commuting graph C(G, X) = Γ where G = GL(n, q) and X is the set of transvections in G. Throughout this paper V is a vector space with dim(V ) = n on a finite field F with |F | = q.
, where i = dim(U ).
Proof. We have {f :
Proof. We consider a fixed hyperplane W . It is sufficient to calculate |{T a,f |a ∈ W , W = ker f }|. Since the number of hyperplanes in V is equal to
by Lemma 2.1. 
Lemma 2.4. Γ is k-regular with
Proof. By proposition 1.4, Γ is a k-regular graph. Let T a,f be a transvection. It is sufficient to calculate |{(b, g)|b ∈ ker f , a ∈ ker g}|. We have
and
where ( 
Proof. Let T a,f and T b,g be two transvections on V with fixed hyperplanes W 1 = ker f and W 2 = ker g, respectively. If dim(V ) = 2 then dim(ker f ) = 1. Since a ∈ ker f , b ∈ ker f if and only if b = a . It follows that Γ is disconnected. Suppose that dim(V ) = 3. and only if a 1 , a 2 
Corollary 2.7. If dim(V ) ≥ 3, then the girth of Γ is equal to 3.
Theorem 2.8. For dim(V ) > 2, Γ is not planar.
Proof. Let W be a hyperplane of V . By Lemma 1.6, τ (W ) ∼ = W and we have a complete subgraph
Then, with contraction of A i , where 1 ≤ i ≤ 5, we obtain a complete graph K 5 . This completes the proof. 
Thus m is even and Γ has no odd induced cycle of length at least five. It follows that Γ is perfect. Now let dim(V ) = 4 and 
